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THE p-ADIC JACQUET-LANGLANDS CORRESPONDENCE AND
A QUESTION OF SERRE
SEAN HOWE
Abstract. We show that the completed Hecke algebra of p-adic modular
forms is isomorphic to the completed Hecke algebra of continuous p-adic au-
tomorphic forms for the units of the quaternion algebra ramified at p and ∞.
This gives an affirmative answer to a question posed by Serre in a 1987 letter
to Tate. The proof is geometric, and lifts a mod p argument due to Serre:
we evaluate modular forms by identifying a quaternionic double-coset with a
fiber of the Hodge-Tate period map, and extend functions off of the double
coset using fake Hasse invariants. Assuming local-global compatibility with
the local p-adic Jacquet-Langlands correspondence of Knight and Scholze, we
also show that in many cases the locally algebraic vectors are not dense in the
quaternionic representations that appear, confirming an expectation of Knight.
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1. Introduction
Let p be a prime, let D/Q be the quaternion algebra ramified at p and ∞, and
let Kp ⊂ D×(A
(p)
f ) be a compact open. The double coset
SKp := D
×(Q)\D×(Af )/K
p
is a profinite set, and for R a topological Zp-algebra (e.g. Fp, Qp, or Cp), we consider
the naive space of continuous p-adic automorphic forms on D× with coefficients in
R and prime-to-p level Kp,
AK
p
R = Cont(SKp , R).
This space admits an action of the abstract double-coset Hecke algebra
Tabs := Zp[K
p\D×(A
(p)
f )/K
p].
In particular, AK
p
R admits an action of the commutative sub-algebra generated
by the Hecke operators at l for primes l 6= p at which Kp factors as Kp,lKl for
Kp,l ⊂ A
(pl)
f and Kl ⊂ D
×(Ql) a maximal compact, and one may consider the
Hecke eigensystems of this sub-algebra appearing in A
Kp
R . If we fix an isomorphism
D×(A
(p)
f )
∼= GL2(A
(p)
f )
1, then we may also consider Kp as a compact open in
GL2(A
(p)
f ), and thus it also can be used as the prime-to-p part of the level for a
space of modular forms.
In a 1987 letter to Tate, Serre [22] gave the following mod p Jacquet-Langlands
correspondence:
Theorem (Serre). The Hecke eigensystems appearing in AK
p
Fp
are the same as those
appearing in mod p modular forms of level GL2(Zp)Kp.
He also provided a list of questions at the end of the letter. In one of these
questions ([22, paragraph (26)]), he asked whether it is possible to find a similar
result relating AK
p
Qp
and p-adic modular forms:
1Later on, it will be convenient to choose this isomorphism by fixing a supersingular elliptic
curve E0/Fp, identifying D with the quasi-isogenies of E0, and obtaining an isomorphism of
D(A
(p)
f ) with M2(A
(p)
f ) through the action of D on the prime-to-p adelic Tate module of E0,
V
A
(p)
f
E0, with respect to a fixed trivialization V
A
(p)
f
E0 ∼= (A
(p)
f )
2.
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(26) Analogues p-adiques. Au lieu de regarder les fonctions lo-
calement constantes sur D×A /D
×
Q a´ valeurs dans C, il serait plus
amusant de regarder celles a` valeurs dans Qp. Si l’on de´compose
A en Qp × A′, on leur imposerait d’eˆtre localement constantes par
rapport a` la variable dans DA′ et d’eˆtre continues (ou analytiques,
ou davantage) par rapport a` la variable dans Dp... Y aurait-il
des repre´sentations galoisiennes p-adiques associe´es a de telles fonc-
tions, suppose´es fonctions propres des ope´rateurs de Hecke? Peut-
on interpre´ter les constructions de Hida (et Mazur) dans un tel
style? Je n’en ai aucune ide´e.
Our main result gives a positive answer to much of this question. To state it, we
first introduce some notation for completed Hecke algebras.
For T′ a sub-algebra of Tabs and V a p-adic Banach space equipped with an
action of T′ by operators of norm ≤ 1, we denote by T̂′V , the completed Hecke
algebra of T′ acting on V , i.e. the completion of the image of T′ in End(V ) for the
topology of pointwise convergence.
Theorem A. For any Zp sub-algebra T′ ⊂ Tabs, the identity map T′ → T′ extends
to an isomorphism between the completed Hecke algebra of T′ acting on p-adic
modular forms of level Kp and the completed Hecke algebra of T′ acting on AK
p
Qp
.
Remark 1.0.1. It is well-known that the completed Hecke algebra of T′ acting
on p-adic modular forms is isomorphic to the completed Hecke algebra of T′ acting
on the completed cohomology of modular curves (we have included a proof of this
fact in Section 4 below). On the other hand, AK
p
Qp
is the completed cohomology
at prime-to-p level Kp for D×. Hence we also obtain an isomorphism between the
completed Hecke algebras for the completed cohomology of GL2 and D
×.
Spaces of p-adic modular forms can be built out of congruences between classical
modular forms (cf. 2.4 below for a precise definition), and thus, roughly speaking,
this theorem states that the eigensystems appearing in classical modular forms
of level GL2(Zp)Kp are congruent modulo arbitrarily large powers of p to those
appearing in AK
p
Qp
, and vice versa. We emphasize that Theorem A is a statement
about congruences – it does not imply, e.g., that the eigensystem corresponding to
a p-adic modular eigenform has a non-zero eigenspace in AK
p
Qp
. However, along the
way to proving Theorem A we will show that classical modular forms do give rise to
actual eigenvectors. The proof of the following statement uses the p-adic geometry
of modular curves, for which it is more natural to work over Cp than Qp:
Theorem B. If T′ ⊂ Tabs and χ : T′ → Cp is an eigensystem attached to a classical
modular form of level Kp away from p (and any level at p), then the eigenspace
AK
p
Cp
[χ] is non-empty.
Example 1.0.2. Consider the Ramanunjan eigensystem χ∆ attached to the dis-
criminant form
∆(q) = q
∏
n≥1
(1− qn)24 =
∑
k≥1
τ(k)qk,
which satisfies χ∆(Tl) = τ(l). Theorem B implies that the eigenspace
A
GL2(Ẑ
(p))
Cp
[χ∆]
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is non-empty. By contrast, because ∆ is principal series at every prime, this
eigensystem is invisible to the classical Jacquet-Langlands correspondence for ev-
ery prime p, in the sense that the χ∆-eigenspace is zero in the classical space of
automorphic forms on D× (note that D depends on p).
Remark 1.0.3. If the character χ in Theorem B factors through a discretely
valued extension E/Qp, then, by composing with a suitable continuous E-linear
projection Cp → E, we find that AK
p
E [χ] is non zero. Alternatively, for any fixed χ
the construction that gives Theorem B can be arranged to produce an element of
AK
p
E′ [χ] for E
′/E a finite extension.
Remark 1.0.4. The techniques of this paper can be refined to prove Theorem B
also for overconvergent modular forms. This is explained in the author’s thesis [12],
and will appear as part of future work.
1.0.5. Work of Emerton and Galois representations. Emerton [10, 3.3.2] proved a
version of Theorem A after localizing at a maximal ideal m of the unramified Hecke
algebra, under some minor restrictions on m. His proof uses deep results in the
deformation theory of Galois representations combined with the classical Jacquet-
Langlands correspondence. We note that our proof lives entirely in the world of
p-adic geometry – in particular, it provides a new proof that Galois representations
can be attached to quaternionic eigensystems that is independent of the classical
Jacquet-Langlands correspondence.
1.1. Local p-adic Jacquet-Langlands. In light of Theorems A and B, it is nat-
ural to consider the structure of AK
p
E [χ] as a D
×(Qp)-representation for χ the
character attached to a classical (or p-adic) eigenform.
Because the quaternion algebra D is ramified at p, this fits naturally in the
context of the local p-adic Jacquet-Langlands correspondences of Knight [17] and
Scholze [19]. Using either of these correspondences, given a two-dimensional rep-
resentation ρp of GQp , one can extract a representation J(ρp) of D
×(Qp)
2. Con-
jecturally the two correspondences agree; in what follows we fix ideas by using the
construction of Scholze (cf. Section 7 for an explanation of how J(ρp) is produced
from the results of [19]).
Both Knight and Scholze have proven local-global compatibility results between
their correspondences and the completed cohomology of Shimura curves. In Sec-
tion 7 we conjecture an analogous local-global compatibility for the space AK
p
Qp
(which can also be thought of as the completed H0 of a zero-dimensional Shimura
variety for D×).
Our methods can be used to give information about the D×(Qp)-representations
appearing in the eigenspace of a classical modular form. In particular, assuming
the local-global compatibility conjecture, this gives information about the repre-
sentations J(ρp) when ρp is the restriction of a global Galois representation. As an
application, we show that if our local-global compatibility conjecture holds, then,
under minor assumptions on a global representation ρ, the locally algebraic vec-
tors in J(ρp) are what one would expect (in particular they are finite dimensional
and thus closed), and are furthermore not dense if the Galois representation is de
Rham with distinct Hodge-Tate weights (cf. Corollary 7.2.5). This supports the
2It is natural to think of ρp as a p-adic Langlands parameter for D
×
Qp
, but note that in the
p-adic Langlands world there is no relevance condition to obtain a non-zero J(ρp).
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expectation asserted by Knight [17, paragraph following Theorem 1.04] that the lo-
cally algebraic vectors in J(ρp) should never be equal to the full representation (in
stark contrast to the GL2(Qp)-representations appearing in the p-adic Langlands
correspondence, in which the locally algebraic vectors are usually dense if they are
non-empty). In work in progress, we study further implications relating the rep-
resentations in the local p-adic Jacquet-Langlands correspondence to functions on
the Lubin-Tate tower (cf. Remark 6.0.4 below where we explain the relation to the
construction in the present article).
1.2. Proof strategy. Let K1p denote the multiplicative group of elements of the
maximal order of D(Qp) which reduce to 1 mod the maximal ideal. To prove the
mod p correspondence, Serre uses the uniformization of the super-singular locus on
the modular curve over Fp to identify the finite double coset
D×(Q)\D×(Af )/K
1
pK
p,
with a set of super-singular curves equipped with a natural trivialization of the
modular sheaf ω. In order to transfer Hecke eigensystems from modular forms
mod p to AKp,Fp , one evaluates on this trivialization (possibly after dividing by a
power of the Hasse invariant). To move back in the other direction, Serre uses the
ampleness of ω.
We follow a similar strategy, guided by recent advances in the geometry of mod-
ular curves. Working at infinite level over Cp, we identify (supersingular) fibers of
the Hodge-Tate period map, πHT, with the double coset
D×(Q)\D×(Af )/K
p
which are equipped, via πHT, with a Hecke-equivariant trivialization of ω. In more
classical terms, the double coset parameterizes elliptic curves E/OCp equipped with
an isomorphism of E[p∞] with a fixed connected height 2 p-divisible group G/OCp ;
the trivialization is given by choosing a basis of ωG, and a choice of a basis for TpG
induces an identification with a fiber of πHT.
This double coset is a profinite set and has a natural structure of an adic space
over Cp, with ring of functions A
Kp
Cp
, and thus by evaluating modular forms we may
transfer Hecke eigensystems from classical modular forms to AK
p
Cp
. For a suitable
choice of fiber (corresponding to the Lubin-Tate formal group for the unramified
extension of Qp), this construction is literally a characteristic zero lift of Serre’s
evaluation map. To show that all quaternionic eigensystems are reached by con-
gruences, we use the technique of fake Hasse invariants, adapted from [20].
Remark 1.2.1. The evaluation maps can be constructed without any mention of
πHT or infinite level modular curves; however, in order to show that functions on
the double coset are well-approximated by modular forms it seems important to
work with the infinite level interpretation in order to construct suitable fake Hasse
invariants.
1.3. Generalizations. Much of this work should generalize to other Shimura va-
rieties, however, we have chosen to focus here on the case of modular curves. This
decision was made for a number of reasons, including:
(1) To highlight the connection with Serre’s letter [22].
(2) Because in applications to the local p-adic Jacquet-Langlands correspon-
dence it is natural to first obtain a full understanding for GL2(Qp) and its
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inner form D×(Qp), because GL2(Qp) is the only group for which the p-adic
Langlands correspondence between p-adic Galois representations and p-adic
representations of the Qp-points of reductive groups is well-understood.
(3) Because the main new ideas are already present in the case of modular
curves, and can be illustrated here without the notational burden of working
on a general Shimura variety.
We note that Theorems A and B and the proofs given here generalize almost
without change to an analogous statement for any Shimura curve over Q; we expect
the method will generalize to many other Shimura data. In particular, we should
obtain an isomorphism between completed Hecke algebras for certain automorphic
forms and functions on a double-coset attached to an inner form whenever one has a
Shimura datum such that the corresponding Shimura variety admits a well-behaved
Hodge-Tate period map and uniformization of the basic locus. For example, the
work of Caraiani-Scholze [1] provides the necessary input in many PEL cases. We
hope to return to the general case in future work.
1.4. Related work. Aside from the letter of Serre [22], the most closely related
work is that of Knight [17] and Scholze [19] described above in 1.1. Also, as ex-
plained above in 1.0.5, a weaker version of Theorem A is due to Emerton [10] using
completely different methods. Techniques introduced by Scholze [20] and Caraiani-
Scholze [1] play an important conceptual and technical role in this work.
There is another thread in the literature, starting with work of Chenevier [4],
that also goes by the name of p-adic Jacquet-Langlands. The flavor of these works
is quite different from ours: the transfer is also for p-adic forms, but goes between
GL2 and the units in a quaternion algebra split at p. Thus, the p-adic representation
theory of D×(Qp) does not intervene.
1.4.1. Comparison with the author’s thesis. Theorems A and B were both shown
originally in the author’s thesis [12], along with the comparison to Serre’s construc-
tion and a rough version of the application to the local p-adic Jacquet-Langlands
correspondence. In addition, in [12] we also gave a version of Theorem B for over-
convergent modular forms, and worked with various constructions over discretely
valued extensions of Qp instead of moving immediately to Cp. In exchange for these
omissions from the present work, we have substantially clarified the exposition.
1.5. Outline. In Section 2 we recall some results on modular curves and modular
forms; the main take-away is a clean GL2(Af )-equivariant statement of the relation
between automorphic sheaves and the Hodge-Tate period map.
In Section 3 we introduce the basic language of quaternionic automorphic forms.
We treat them in a more general setting than described in the introduction, giving
a unified language that encompasses classical quaternionic automorphic forms, the
spacesAK
p
R used above, and the algebraic modular forms of Gross [11]. We also give
a statement of the classical Jacquet-Langlands correspondence that is well-adapted
to our setting.
In Section 4 we establish some basic functional analysis for completing actions
that will be used in the proof of Theorem A, and give proofs of various well-known
isomorphisms of completed Hecke algebras.
Sections 5 and 6 are the meat of the paper. In Section 5 we explain how to
identify fibers of the Hodge-Tate period map with the double-coset SKp . In Section
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6 we use this to evaluate modular forms along SKp , and prove Theorems A and B.
We also compare our construction with Serre’s mod p construction.
Finally, in Section 7, we state a local-global compatibility conjecture and give
an application to the local p-adic Jacquet-Langlands correspondence.
1.6. Acknowledgements. This work grew out of the author’s PhD thesis [12],
and we thank Matt Emerton, our thesis advisor, for his profound influence. We
also thank Rebecca Bellovin, Ana Caraiani, Tianqi Fan, David Hansen, Christian
Johannson, Kiran Kedlaya, Erick Knight, Daniel Le, Keerthi Madapusi-Pera, Jay
Pottharst, Peter Scholze, Joel Specter, Matthias Strauch, Jan Vonk, Jared We-
instein, and Yiwen Zhou for helpful conversations during the preparation of this
work.
1.7. Notation and conventions. A denotes the ade`les of Q and Af the finite
ade`les. When either is decorated with a superscript that is a place of Q or an ideal,
it indicates the ade`les (or finite ade`les) away from that place (or the places dividing
that ideal).
We fix an algebraic closure Qp of Qp and an isomorphism Qp ∼= C. We denote
by Q˘p the completion of the maximal unramified extension of Qp in Qp, and by
Z˘p ⊂ Q˘p the completion of the ring of integers in the maximal unramified extension.
We write Fp for Z˘p/p, an algebraically closed extension of Fp = Zp/p; note that we
have a canonical identification W (Fp) = Z˘p.
Let M2 be 2× 2 matrix algebra over Z. For any field E/Q we denote by E
2 the
unique simple leftM2(E)-module; we view it as a representation of GL2(E) ⊂ M2(E),
and also of D×(E) if DE ∼= M2,E. We denote by det the determinant on M2 and
by Nrd the reduced norm on D.
We note that we use the homological convention for the action of GL2(Af ) on
modular curves, which is compatible with, e.g., [1, 2], and that doing otherwise
would lead to undue confusion in much of this work. For the purposes of studying
local-global compatibility in the cohomology of modular curves, this convention
pairs most naturally with the contragredient of the Tate normalization of local
Langlands as in [2]. However, in the p-adic Langlands program it is standard to
use the Tate normalization; this will lead to some acrobatics in Section 7 when we
study local-global compatibility.
2. Modular curves and modular forms
2.1. The tower of modular curves. We let YK be the moduli problem over Q
parameterizing elliptic curves up-to-isogeny E equipped with a level K-structure,
i.e. a K-orbit of trivializations A2f → VfE (cf. [7] for a comparison of the up-to-
isogeny and up-to-isomorphism moduli problems). We say that K ⊂ GL2(Af ) is
sufficiently small if the moduli problem YK is represented by a scheme over Q, in
which case YK is a smooth curve and we denote by XK its compactification. There
is a right action of GL2(Af ) on the tower of moduli problems (YK)K by change of
trivialization.
Alternatively, the tower (YK)K with GL2(Af )-action is the canonical model of
the Shimura variety for the Shimura datum (GL2, X) where X is the conjugacy
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class of the map h : S→ GL2,R given on R-points by
a+ bi 7→
(
a −b
b a
)
.
For K sufficiently small, we let XK/Q be the smooth compactification of YK .
The action of GL2(Af ) on (YK)K extends canonically to the tower (XK)K .
We consider the following GL2(Af )-equivariant line bundles on the tower (XK)K :
(1) Let pr : E → YK denote the universal elliptic curve, and let ω := pr∗ΩE/YK .
We extend it to a bundle ω on XK in the usual way by taking the standard
basis dt/t for differentials on the Tate curve as a basis at the cusps.
(2) Let Ω(log cusps) on XK be the line bundle of differential forms with log-
poles at the cusps.
As line bundles, Kodaira-Spencer gives an identification ω2 = Ω(log cusps), but
the GL2(Af ) actions differ by a twist by the unramified determinant character
detur : GL2(Af )→ Q
×(2.1.1)
(gv) 7→
∏
v
|detgv|v.
To record this difference, we write
ω2 ⊗ det−1ur = Ω(log cusps).
We use similar notation for other twists in the equivariant structure; these twists
play an important role in organizing our work efficiently.
2.2. Modular forms. For K ⊂ GL2(Af ) a sufficiently small compact open and
L/Q a field extension, we denote
MKk,L := H
0
(
XK,L, ω
k−2 ⊗ Ω(log cusps)
)
and
Mk,L := lim−→
K
(Mk,K,L)
ThenMk,L is a smooth admissible representation of GL2(Af ). We also consider the
sub-representation Mk,cusp,L of cusp forms (sections which vanish as the cusps).
For a general compact open K ⊂ GL2(Af ), we write MKk,L for the K-invariants;
this is compatible with the notation already defined.
2.2.1. Modular forms as automorphic forms. The space Mk,cusp,C admits an alter-
nate automorphic description which we will use in 3.2 during our discussion of the
classical Jacquet-Langlands correspondence:
Let π∞,k denote the discrete series representation of (gl2, O(2)) with the same
infinitesimal character as Symk−2C23. Let AGL2,0 be the space of cuspidal auto-
morphic forms on GL2/Q as in, e.g., [14, Section 10]. Then, as a representation of
GL2(Af ) we can identify
Mk,cusp,C = Hom(gl2,O(2))(π∞,k,AGL2,0).
We note that this identification is made as in [6, Scholie 2.1.3], except that we
multiply by
∏
v |det|
−1
v to obtain the correct Hecke action (note that π∞,k is the
3In the notation of Deligne [6, Section 2], pi∞,k = Dk−1⊗|det|
−1. In the notation of Casselman
[3, Section 1], pi∞,k = Dk−1. In the notation of Carayol [2], pi∞,k is the (gl2, O(2))-module
underlying the unitary representation Dk,2−k .
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relevant discrete series for computing H1 of the k − 2nd symmetric power of the
local system of cohomology of the universal elliptic curve).
2.3. Perfectoid modular curves and the Hodge-Tate period map.
For Kp ⊂ GL2(A
(p)
f ) a compact open such that GL2(Zp)K
p is sufficiently
small, we denote by X∞Kp,Cp the perfectoid modular curve of prime-to-p level K
p
over Cp as introduced in [20], and we consider also the tower of perfectoid spaces
(X∞Kp,Cp)Kp . This tower is equipped with a GL2(Af )-action, where the action
of GL2(Qp) × 1 preserves each level of the tower. It is equipped with GL2(Af )-
equivariant line bundles ω and Ω(log cusps) via pullback from finite level.
We also consider the tower (P1Cp)Kp , where the maps between different levels are
the identity, equipped with the action of GL2(Af ) given by the standard action of
GL2(Qp)× 1 on P1 and the trivial action of GL2(A
(p)
f ).
In [20], Scholze constructs the Hodge-Tate period map, which we view as a map
of towers of adic spaces
πHT : (X∞Kp,Cp)Kp → (P
1
Cp
)Kp .
Away from the cusps, it is the classifying map for the line
LieE(1) ⊂ VpE ⊗ Ô ∼= O
2
given by the Hodge-Tate filtration for the universal elliptic curve and the trivial-
ization of its relative Tate module.
We summarize some of the relevant results in the following theorem:
Theorem 2.3.1 (Scholze). The map πHT is GL2(Af )-equivariant, and there is a
natural isomorphism of GL2(Af )-equivariant line bundles
π∗HTO(1) = ω ⊗Qp(−1).
We fix a trivialization of Qp(−1) by choosing a compatible system of roots of
unity in Cp in order to identify
π∗HTO(1) = ω
as GL2(Af )-equivariant bundles.
Remark 2.3.2. Qp(−1) can also be trivialized on the perfectoid space X∞Kp/Qp
using the Weil pairing, however, this trivialization is not GL2(Af )-equivariant – it
introduces a twist by the determinant composed with the p-adic cyclotomic char-
acter,
(gl) 7→ detgp|detgp|p ·
∏
l 6=p
|detgl|l.
2.3.3. Affinoid perfectoids at infinite level. For s1, s2 a basis of H
0(P1Qp ,O(1)), de-
fine an affinoid subset Us1,s2 ⊂ P
1
Cp
by |s1| ≤ |s2|. Using the results of [20], we
find
Proposition 2.3.4. Let W be a rational sub-domain of U = Us1,s2 for some s1, s2
as above. Then π−1HT(W ) is affinoid perfectoid, and for Kp ⊂ GL2(Qp) sufficiently
small,
π−1HT(W )
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is the preimage of an affinoid
WKp ⊂ XKpKp,Cp ,
and
lim
−→
Kp
H0(WKp ,O)
is dense in
H0(π−1HT(W ),O).
Proof. Using the GL2(Qp)-equivariance of πHT, we may assume s1 = X and s2 = Y ,
the standard basis. If W = Us1,s2 we then conclude by [20, Theorem III.3.17-(i)].
For a general rational sub-domain W ⊂ U , π−1HT(W ) is affinoid perfectoid as a
rational sub-domain of the affinoid perfectoid π−1HT(U). Moreover, by the density
statement for functions at finite level on U , we can choose functions coming from
finite level to define the rational sub-domain, and thus W is also the preimage of
affinoids at sufficiently small finite level. The density of functions at finite level for
W then follows from the density for U and the definition of the ring of functions
on a rational subdomain. 
2.4. p-Adic modular forms. If we fix a set of cusps c1, . . . , cm, one in each con-
nected component of XGL2(Zp)Kp,Q˘p , then we obtain q-expansion injections
M
GL2(Zp)K
p
k,Q˘p
→
m∏
i=1
Z˘p[[q]][1/p]
We define VK
p
Q˘p
, the space of p-adic modular forms of level Kp, to be the Q˘p-Banach
space given by completing the joint image of these q-expansion maps over all k for
the natural Banach topology on Z˘p[[q]][1/p]. The prime-to-p abstract Hecke algebra
Tabs acts uniformly on q-expansions in this topology, and thus the action extends
to VK
p
Q˘p
.
Katz [16] has given a geometric interpretation of the space VK
p
Q˘p
in terms of the
ring of functions on the (pro) finite-e´tale Igusa cover of the formal ordinary locus;
the statement that the joint image of classical modular forms is dense is essentially
[16, Theorem 2.1], except that Katz works in the setting of connected modular
curves at full prime-to-p level Γ(N).
3. Quaternionic automorphic forms
In this section we discuss some basic properties of the spaces of p-adic quater-
nionic automorphic forms of the introduction and their relation with other spaces
of automorphic forms on D×, including classical automorphic forms on D× and the
algebraic modular forms of Gross [11]. We finish the section by giving a statement of
the classical Jacquet-Langlands correspondence which is well-adapted to the study
of locally algebraic vectors in the space of p-adic quaternionic automorphic forms
via modular forms, which we will use later in our application to the local p-adic
Jacquet-Langlands correspondence.
We begin with some general definitions for spaces of automorphic forms on D×,
from which our p-adic automorphic forms, Gross’s algebraic modular forms, and
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classical automorphic forms can be obtained as special cases. For M a topological
Z-module equipped with an action of D×(Q), we consider the space
AM := ContD×(Q)(D
×(A),M)
of continuous functions f : D×(A) → M such that f(gx) = g · f(x) for all g ∈
D×(Q). It admits an action of D×(A) via right translation,
(g · f)(x) = f(xg).
Example 3.0.1.
(1) If M is equipped with the discrete topology, then continous functions are
locally constant. In particular, if M is an algebraic representation of D×
on a Q-vector space, then AM is a space of algebraic modular forms as
studied by Gross [11].
(2) If M is given the trivial action of D×(Q), then
AM ∼= Cont(D
×(Q)\D×(A),M),
the space of continuous M -valued automorphic functions on D×. If M is
also totally disconnected, then continous maps toM factor through π0, and
AM ∼= Cont(D
×(Q)\D×(Af ),M).
Given an action χ of A× on M , we define AχM to be the subspace of f such that
for a ∈ A×, viewed also as the center of D×(A),
f(xa) = χ(a) · f(x).
If v is a place of Q, we define AvM to be the subspace consisting of f ∈ AM such
that there exists an open subgroup U of a maximal compact Kv ⊂ D×(Av) such
that u · f = f .
If M is moreover a topological Qv-vector space, we define
Av,algM ⊂ AM ⊂ A
v
M
to be the subspace consisting of all f such that there exists an open subgroup U of
a maximal compact K ⊂ D×(A) such that for any x, u 7→ f(xu) is the composition
of an algebraic M -valued function on D×Qv
4 with the projection U → D×(Qv).
Example 3.0.2. Let L = R or C with the archimedean topology and trivial action,
and let χ : A×/Q× → L× be a continuous character. Then A∞,alg,χL is the classical
space of L-valued automorphic forms on D× of central character χ. Note that
the central character χ is not required to be algebraic, but any vector in A∞,alg,χL
generates an algebraic representation of D1(R), the group of elements of reduced
norm one in D(R).
Example 3.0.3. As in the introduction, for a fixed prime p and a compact open
Kp ⊂ D×(A
(p)
f ), we write
SKp = D
×(Q)\D×(Af )/K
p.
For any totally disconnected M with trivial action, it follows from the definitions
that the Kp-invariants are given by
AK
p
M = Cont(SKp ,M)
4that is, a function of the form x 7→ f1(x)m1 + . . . + fn(x)mn for fi algebraic functions on
D×
Qv
and mi ∈M .
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and
A
vp
M = lim−→
AK
p
M = lim−→
Cont(SKp ,M).
In particular, this applies for R a p-adically complete ring over Zp, and we recover
the spaces AK
p
R of the introduction.
Example 3.0.4. For a finite extension L/Qp equipped with the p-adic topology,
A
vp
L = A
vp
Qp
⊗ L.
On the other hand, if we equip Qp with the direct limit or p-adic topology,
A
vp
Qp
6= A
vp
Qp
⊗Qp.
However, it is true that
A
vp,alg
Qp
= A
vp,alg
Qp
⊗Qp.
3.1. Algebraic automorphic forms. For E/Q a finite extension and (ρ, V ) an
irreducible algebraic representation D×E , the space AV (for the discrete topology
on V ) is a space of algebraic modular forms as introduced by Gross. In particular,
this space can be used to transport information between different places: given a
place v of Q, and a place v′ of E extending v, there is a natural map
AV ⊗ V
∗
Ev′
→ AvEv′(3.1.1)
f ⊗ ϕ 7→
(
x 7→ ϕ(x−1v f(x))
)
(3.1.2)
The following proposition is essentially a reformulation of [11, Propositions 8.3
and 8.6].
Proposition 3.1.1. Let χ′ be a character of A× on E such that χ′|Q× is equal to
the central character zρ of ρ, and let χ be the character of A×/Q× on Ev′ defined
by
a =
∏
w
aw 7→ χ(a)zρ(av)
−1.
The map (3.1.1) induces an isomorphism of D×(A)-representations
Aχ
′
V ⊗ Ev′
∼= HomLieD×(Qv)⊗Ev′ (V
∗
Ev′
,Av,χ,algEv′ ).
3.2. The classical Jacquet-Langlands correspondence. We now explain the
relation between A
vp
Qp
and modular forms given by the classical Jacquet-Langlands
correspondence.
Recall we have fixed an isomorphism Qp ∼= C. For π a smooth admissible
irreducible representation of D×(Qp) over Qp, we denote by jl(π) the corresponding
smooth representation of GL2(Qp) over Qp given by the local smooth Jacquet-
Langlands correspondence at p [14].
Theorem 3.2.1 (classical Jacquet-Langlands correspondence). Suppose for each
finite place v that πv is a smooth admissible irreducible representation of D
×(Qv)
over Qp, and that πv is unramified principal series for almost all v. Then
jl(πp)⊗
⊗
v 6=p
πv
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is a sub-representation of Mk,cusp,Qp if and only if
(Symk−2Qp
2
⊗ πp)⊗
⊗
v 6=p
πv
is a sub-representation of A
vp,alg
Qp
. When this is the case, both sub-representations
appear uniquely as direct summands with multiplicity one.
Furthermore, we have the following strong multiplicity one statement: if S is a
finite set of places containing p , and πv, v 6∈ S are as above such that
HomD×(AS
f
)(
⊗
v 6=S
πv,A
vp,alg) 6= 0,
then there are unique k ≥ 2, t ∈ Z, and πv, v ∈ S such that
HomD×(AS
f
)
⊗
v 6∈S
πv,A
vp,alg
Qp
 = (Symk−2Qp2 ⊗Nrdt⊗πp)⊗ ⊗
v∈S,v 6=p
πv.
Proof. We identify Mk,cusp,Qp with Mk,cusp,C via our fixed isomorphism C
∼= Qp.
With notation as in 2.2, we have that
Mk,cusp,C = Hom(gl2,O(2))(π∞,k,AGL2,0)
Thus,
jl(πp)⊗
⊗
v 6=p
πv
is a sub-representation of Mk,cusp,C if and only if
π∞,k ⊗ jl(πp)⊗
⊗
v 6=p
πv
is a sub-representation of AGL2,0. Letting χ denote the central character of
π∞,k ⊗ jl(πp)⊗
⊗
v 6=p
πv,
by [14, Corollary 14.3, Theorem 16.1], this is if and only if
Symk−2C2 ⊗ jl(πp)⊗
⊗
v 6=p
πv
is a sub-representation ofA∞,χ,algC , i.e. if and only if
⊗
v 6=∞ πv is a sub-representation
of
HomLieD×(R)⊗C(Sym
k−2C2,A∞,alg,χC ).
Because any ⊗πv which appears as a direct summand in either space is defined
over a number field E ⊂ C, applying Proposition 3.1.1 we find that this is if and
only if ⊗v 6=∞πv is a sub-representation of A(Symk−2E2)∗ . Denoting by w the place
of E induced by the inclusion E ⊂ C ∼= Qp and invoking Proposition 3.1.1 a second
time, we find that this is if and only if ⊗v 6=∞πv is a sub-representation of
HomLieD×(Qp)(Sym
k−2E2w,A
vp,alg
Ew
),
or, equivalently,
Symk−2E2w ⊗ πp ⊗
⊗
v 6=∞,p
πv
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is a sub-representation of A
vp,alg
Ew
.
Base changing to Qp gives the first statement. We obtain the statement about
direct summands because the classical spaces of automorphic cusp forms on D×
and GL2 admit direct sum decompositions, and the statements about multiplicities
by invoking multiplicity one and strong multiplicity one for GL2 in combination
with the classical Jacquet-Langlands correspondence. 
Remark 3.2.2. In passing from automorphic representations of GL2 to automor-
phic representations of D×, the proof of the classical Jacquet-Langlands correspon-
dence in [14] uses the trace formula to compare spectral data for D× and GL2. In
particular, it is not constructive, and does not give a natural map in either direction
between MK
p
k,C and
HomLieD×(R)⊗C(Sym
k−2C2,A∞,alg,K
p
C )
By contrast, our p-adic Jacquet-Langlands transfer is realized via a Hecke-equivariant
injection fromMK
p
k,Cp
to AK
p
Cp
. This does not (indeed, cannot, as it is an injection on
all modular forms, including those which are principal series at p) factor through
the locally algebraic vectors, however, a modification of our method does give an
explicit map describing the locally algebraic vectors, as we explain in future work.
4. Completing Hecke algebras
In this section we introduce some functional analysis which will be useful for
defining and comparing the completed Hecke algebras appearing in Theorem A.
These results are likely well-known, but we were unable to find a suitable reference.
We refer the reader to the introduction of [23] for basic definitions and results
on Banach spaces over non-archimedean fields.
4.1. Completing actions.
Definition 4.1.1. An action of a (not necessarily commutative) ring A by bounded
operators on a Banach space V is uniform if for all a ∈ A and v ∈ V ,
||a · v|| ≤ ||v||.
Definition 4.1.2. If A is a ring, K is a non-archimedean field, and (Wi) is family
of Banach spaces equipped with uniform actions of A, the completion5 of A with
respect to (Wi)i∈I is the closure Â of the image of A in∏
i∈I
Endcont(Wi)
where each Endcont(Wi) is equipped with the strong operator topology (the topol-
ogy of pointwise convergence for the Banach topology on Wi) and the product is
equipped with the product topology.
We give two equivalent characterizations of the elements of Â:
Lemma 4.1.3. In the setting of Definition 4.1.2:
5in the literature on Hecke algebras this is sometimes referred to as the weak completion; we
avoid this terminology because of a conflict with terminology in functional analysis, where this is
the completion for the strong operator topology.
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(Nets):
∏
i fi ⊂ Â if and only if there exists a net aj ∈ A such that for any
i ∈ I and any w ∈ Wi,
lim aj · w = fi(w).
(Congruences): For each i ∈ I, fix a choice W ◦i of a lattice in Wi preserved
by A (e.g., the elements of norm ≤ 1). Then,
∏
i fi ∈ Â if and only
if fi preserves W
◦
i for each i, and for any finite subset S ⊂ I and any
topologically nilpotent π ∈ K, there exists a ∈ A such that for each i ∈ S,
a and fi have the same image in
End(W ◦i /π).
Proof. The characterization (Nets) is immediate from the definition of the strong
operator topology as the topology of pointwise convergence of nets and the char-
acterization of the product topology as the topology of term-wise convergence of
nets.
The characterization (Congruences) then follows by considering nets on the di-
rected set of finite subsets of I times N (where N is interpreted as the power of
some fixed uniformizer) to show that (Congruences) implies (Nets). 
Using either the characterization in terms of nets plus uniformity of the action,
or the characterization in terms of congruences, we find that Â is again a ring. It
is equipped with a natural structure as an A-algebra.
Remark 4.1.4. By (Congruences), we can also construct Â as the closure of the
image of A in ∏
End(W ◦i /π)
where the product is over all possible choices of i ∈ I, a lattice W ◦i ⊂ Wi, and a
topologically nilpotent π, and each term has the discrete topology.
4.2. Relating completions. In order to compare completed Hecke algebras for
different spaces, we will need some lemmas about the behavior of completion under
simple operations.
The following lemma says that completion is insensitive to base extension. This
is useful for us as our comparisons of Hecke-modules take place over large extensions
of Qp, whereas one is typically interested in Hecke algebras over Zp.
Lemma 4.2.1. Let K ⊂ K ′ be an extension of complete non-archimedean fields,
and let A be a (not-necessarily commutative) ring. Suppose (Wi) is a family of or-
thonormalizable Banach spaces over K equipped with uniform actions of A. Then
the identity map A→ A extends to a topological isomorphism between the comple-
tion of A acting on (Wi) and the completion of A acting on (Wi⊗̂KK
′).
Proof. We note that for a bounded net φj of bounded operators on a orthonor-
malizable Banach space, φj → f in the strong operator topology if and only if
φj(e)→ f(e) for any element e of a fixed orthonormal basis.
In particular, because an orthonormal basis for Wi is also an orthonormal basis
for Wi ⊗K K
′, we find that the completion for (Wi) injects into the completion for
(Wi⊗̂KK
′). More over, since Wi is closed inside of Wi⊗̂KK
′ and preserved by A,
we find that for any net aj ∈ T′ and element e in the orthonormal basis, limj aj(e)
is in Wi if it exists. Thus, an element in the completion for (Wi⊗̂KK
′) comes from
an element in the completion for (Wi). 
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The following lemma is our main technical tool for comparing completed Hecke
algebras. It says that the completion is determined by any family of invariant
subspaces whose sum is dense.
Lemma 4.2.2. Let K be a non-archimedean field, and let A be a (not-necessarily
commutative) ring. Suppose V is an orthonormalizable K-Banach space equipped
with a uniform action of A, and (Wi)i∈I is a family of topological vector spaces over
K equipped with A-actions and continuous A-equivariant topological immersions
ψi :Wi →֒ V.
If
∑
Imψi is dense in V , then the identity map on A induces an isomorphism
between the weak completion of A acting on (Wi)i∈I and the weak completion of A
acting on V .
Remark 4.2.3. In this setup, the action of A on Wi is automatically uniform for
the restriction to Wi of the norm on V , which, by hypothesis, induces the same
topology.
Proof. Denote by ÂV ⊂ End(V ) the strong completion of A acting on V , and
ÂW ⊂
∏
End(Wi) the strong completion of A acting on (Wi)i∈I .
We first show there is a map ÂV → ÂW extending the identity map A → A:
Let φ ∈ ÂV , and let φj be a net in the image of A approaching φ. For w ∈ Wi
(considered as closed subspace of V via ψi),
φ(w) = lim
j
φj(w).
For each j, φj(w) is contained in Wi by the A-equivariance of ψi, and thus, since
Wi is closed, φ(w) ∈Wi. Thus, φ preserves Wi. Using this, we obtain a map
ÂV →
∏
i
End(Wi)
extending the map A→
∏
i End(Wi). Furthermore, it follows immediately that the
image lies in ÂW .
The map is injective by the density of
∑
Wi ⊂ V . We show now that it is
surjective. By the density of
∑
Imψi, we may choose an orthonormal basis for V
contained in the image of ⊕Wi. A bounded net of operators in End(V ) converges if
and only if it converges on each element of an orthonormal basis. Now, if φ ∈ ÂW
is the limit of a net φj in the image of A, then we see that φj(e) converges for each
element e of the orthonormal basis, and thus φj also converges in End(V ), and its
limit maps to φ, as desired.
Thus the map ÂV → ÂW is bijective. By similar arguments, the weak topologies
agree, and thus the map is a topological isomorphism. 
As a special case, we obtain an alternative description of the completion in some
cases:
Lemma 4.2.4. Let V be an orthonormalizable Banach space over K equipped with
a uniform action of an OK-algebra A. Suppose (Wi) is a directed system of finite
dimensional K-vector spaces with compatible actions of A and compatible maps
Wi → V . Suppose further that the maps Wi → V and the transition maps are
A-equivariant and injective. Let Ai denote the image of A in End(Wi), equipped
with its natural topology (End(Wi) is a finite dimensional K-vector space).
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If the image of
lim
−→
Wi →W
is dense, then, the completion of A acting on V is equal to
lim
←−
Ai.
Proof. Applying Lemma 4.2.2, it suffices to verify that lim
←−
Ai is the strong comple-
tion of A with respect to (Wi). This is clear, as the image of A in∏
End(Wi)
lies within and is dense in lim
←−
Ai, which is easily seen to be closed (in the product
topology). 
4.3. Some completed Hecke algebras. We fix a compact openKp ⊂ GL2(A
(p)
f ),
and, as in the introduction, let
Tabs = Zp[K
p\GL2(A
(p)
f )/K
p]
be the abstract Hecke algebra of prime-to-p level Kp. For any Zp sub-algebra
T′ ⊂ Tabs, we may form the following completions:
• T̂′D× is the completion of T
′ acting on
AKp,Qp = Cont(SKp ,Qp)
• T̂′GL2 is the completion of T
′ acting on the completed cohomology of the
tower of modular curves,
Ĥ1Kp :=
(
lim
←−
m
lim
−→
Kp
Hi(YKpKp(C),Z/p
mZ),
)
[1/p]
(cf. [8]).
• T̂′mf is the completion of T
′ acting on the family of finite dimensional spaces
of modular forms Mk,KpKp,Qp running over all k and Kp.
The following theorem compiles some well-known results relating T̂′GL2 and T̂
′
mf .
Theorem 4.3.1. The identity map T′ → T′ extends to an isomorphism
T̂′mf
∼
−→ T̂′GL2 .
Furthermore, T̂′mf is equal to the completed Hecke algebra of T
′ acting on any of
the following:
(1) The family of modular forms of weight 2 and arbitrary level at p,
(M
KpK
p
2 )Kp ,
(2) the family of modular forms of arbitrary weight and full level at p,
(M
GL2(Zp)K
p
k )k,
or,
(3) the space VK
p
Q˘p
of p-adic modular forms of level Kp (cf. 2.4).
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Proof. Let pr : EK → YK(C) be the univeral elliptic curve over YK(C) and let
Symk be the kth symmetric power of R1pr∗Z, a GL2(Af )-equivariant local system
on the tower (YK(C))K . From our fixed isomorphism Qp ∼= C, we obtain for each
k ≥ 2 and Kp a Tabs-equivariant injection
(4.3.1) M
KpK
p
k,Qp
→֒ H1(YKpKp(C), Sym
k−2)⊗ Cp
given by composing the maps
M
KpK
p
k,Qp
→֒M
KpK
p
k,C →֒ H
1(YKpKp(C), Sym
k−2)⊗ C
→֒ H1(YKpKp(C), Sym
k−2)⊗ Cp,
where the second arrow comes from the classical Eichler-Shimura isomorphism and
the last arrow comes from composition of the isomorphism Qp ∼= C with Qp →֒ Cp.
It follows from the Eichler-Shimura isomorphism that (4.3.1) induces an isomor-
phism on the image of T′ in the respective endomorphism rings. If we denote T̂′aux
the completed Hecke algebra for T′ acting on the family(
H1(YKpKp(C), Sym
k−2)⊗ Cp
)
Kp,k
,
then we deduce that T̂′aux is isomorphic to T̂
′
GL2
. By Lemma 4.2.1, T̂′aux is also the
completed Hecke algebra for T′ acting on(
H1(YKpKp(C), Sym
k−2)⊗Qp
)
Kp,k
As in [8, 9]6
H1(YKpKp(C), Sym
k−2)⊗Qp →֒ HomKp(Sym
k−2Q2p, Ĥ
1
Kp).
Thus, if we fix for each k ≥ 2 a non-zero vector in (Symk−2Q2p), then pairing with
these vectors gives Hecke-equivariant injections
H1(YKpKp(C), Sym
k−2)⊗Qp →֒ Ĥ
1
Kp
whose joint image is dense (indeed, it is already so if we fix k = 2), and thus we
deduce from Lemma 4.2.2 that T̂′aux is isomorphic to T̂
′
GL2
, giving the first part of
the theorem, T̂′mf
∼= T̂′GL2 . Then, running the same argument using only weight 2
modular forms, we deduce statement (1) of the theorem.
We now show statements (2) and (3) (cf. [9, Remarks 5.4.2 and 5.4.3]). Arguing
similarly and using the density of GL2(Zp)-algebraic vectors in Ĥ1Kp (specifically of
the ones which transform locally as Symk−2Q2p for some k; we do not need to also
allow for arbitrary twists by a determinant), we conclude that T′GL2 is equal to the
completed Hecke algebra of the family
(M
GL2(Zp)K
p
k )k.
This gives statement (2); statement (3) is then immediate from statement (2), the
definition of VK
p
Q˘p
, and Lemma 4.2.1. 
Remark 4.3.2. We provide some alternate descriptions of these completed Hecke
algebras, which are taken as the definition in other sources:
6Note that our normalizations for actions are different, so that we obtain a Symk−2 in the
source of the Hom whereas in [8, 9] there is a (Symk−2)∗ (cf. [9, last paragraph of Section 2].)
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• For Kp ⊂ D
×(Qp), denote by T′D×,Kp the image of T
′ in
EndQp(Cont(D
×(Qp)\D
×(Af )/KpK
p,Qp)).
Applying Lemma 4.2.4, we find
T̂′D× = lim←−
T′D×,Kp .
• ForKp ⊂ GL2(Qp), denote by T′GL2,Kp the image of T
′ in EndQp(H
1(YKpKp ,Qp)).
Applying Lemma 4.2.4, we find
T̂′GL2 = lim←−T
′
GL2,Kp ;
cf. [9, Definition 5.2.1 and p46, footnote 12].
• For n ∈ N, let
M≤n = ⊕k≤nM
GL2(Zp)K
p
k,Qp
,
and let T′n be the image of T
′ in End(Mn). We may viewM≤n as a subspace
of p-adic modular forms, and the sum of the M≤n is dense. Applying
Lemma 4.2.4, we find
T̂′mf = lim←−
T′n.
5. Supersingular fibers of πHT
In this section we explain how to identify the fiber of πHT over a Cp-point of the
Drinfeld upper half plane with the profinite set SKp (thought of as a perfectoid space
over Cp in a precise sense). We make the standing assumption that KpGL2(Zp)
is sufficiently small. A large portion of this section is essentially a special case of
results of Caraiani and Scholze [1, Section 4], who undertook a study of the fibers
of the Hodge-Tate period map in a more general PEL setting, combined with an
explicit description of the Igusa variety in the supersingular case.
5.1. Fixing isomorphisms. It will be helpful to fix a concrete realization of the
division algebraD and various objects on which it acts. Thus, we fix a supersingular
elliptic curve E0/Fp and we identify D with End
◦(E0), the Q-algebra of quasi-
isogenies of E0. Let G0 := E0[p
∞], the p-divisible group of E0. Denoting by
End◦(G0) the Qp-algebra of quasi-isogenies of G0, the action of D on G0 induces
an isomorphism
DQp = End
◦(G0).
We also choose a trivialization of the prime-to-p adelic Tate module
α
(p)
0 : (A
(p)
f )
2 ∼−→ V
A
(p)
f
E0.
This determines an isomorphism
D
A
(p)
f
∼
−→M
2,A
(p)
f
.
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5.2. Some auxiliary moduli spaces. The perfectoid infinite level Lubin-Tate
tower M̂LT,∞,Cp as in [21] is a perfectoid space over Cp whose points on an affinoid
perfectoid (R,R+) over Cp are identified with triples
(G, ρG, αp)
where G is a p-divisible group over R+,
ρG : G0,R+/p → GR+/p
is a quasi-isogeny, and
αp : Q
2
p → VpG
is an isomorphism, all considered up to quasi-isogeny of G. It admits commuting
actions of GL2(Qp) and D×(Qp), and a Hodge-Tate period map which we also
denote
πHT : M̂LT,∞,Cp → P
1
Cp
.
The map πHT is equivariant for the actions of D
×(Qp) and GL2(Qp) where P1Cp
is equipped with the standard GL2(Qp) action and the trivial D×(Qp) action. It
factors through the Drinfeld upper half plane P1Cp\P
1(Qp).
The perfectoid Igusa variety IgKp,Cp as in [1, Section 4] is the perfectoid space
over Cp whose points on an affinoid perfectoid (R,R+) over Cp are identified with
triples
(E, ρE , α
(p))
where E/(R+/p) is an elliptic curve up to quasi-isogeny,
ρE : E[p
∞]→ G0[p
∞]
is a quasi-isogeny, and α(p) is a level Kp structure.
Remark 5.2.1. At first glance it may seem strange that this moduli interpretation
only depends on R+/p. However, IgKp,Cp is the base change to Cp of the generic
fiber of the formal scheme attached to the Witt vectors of a perfect scheme over Fp,
so that the moduli interpretation is really coming from a characteristic p moduli
problem combined with the universal property of the Witt vectors of a perfect
scheme.
5.3. Uniformization. There is a natural map
unif : IgKp,Cp ×Spa(Cp,OCp) M̂LT,∞,Cp → X∞Kp,Cp :
On (R,R+) points, it sends(
(G, ρG, αp), (E, ρE , α
(p))
)
to the generic fiber of the lift of E to R+ determined through Serre-Tate lifting
theory (cf. [15, Section 1]) by
ρG ◦ ρE : E[p
∞]→ GR+/p,
equipped with the level structure determined by αp and the unique lift of α
(p).
Remark 5.3.1. We call this map unif because it can be interpreted as a perfectoid
version of the Rapoport-Zink uniformization of the super-singular locus.
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In particular, if we fix a point x ∈ P1(Cp)\P1(Qp) and x∞ ∈ M̂LT,∞,Cp(Cp) such
that πHT(x∞) = x, we obtain compatible maps for each K
p
unifx∞ : IgKp,Cp → X∞Kp,Cp
that factor through π−1HT(x) ⊂ X∞Kp,Cp , a Zariski closed perfectoid subspace of
X∞Kp,Cp . To give the point x is equivalent to giving a connected height 2 p-divisible
group up-to-isogeny Gx over OCp together with an isomorphism αp,x : Q
2
p → VpGx.
The stabilizer of x in GL2(Qp) acts on π
−1
HT(x), and is identified with the group of
quasi-isogenies T×x := End
◦(G)×; thus T×x acts on the fiber π
−1
HT,loc(x) From this
perspective, the additional information of x∞ is equivalent to choosing a quasi-
isogeny ρx∞ : G0,O/p → Gx,O/p, and via ρx∞ we obtain map T
×
x → D
×(Qp),
through which T×x also acts on IgKp,Cp . We then have
Theorem 5.3.2. The map unifx∞ induces a T
×
x ×GL2(A
(p)
f )-equivariant isomor-
phism of towers of perfectoid spaces over Spa(Cp,OCp)
unifx∞ : (IgKp,Cp)Kp → π
−1
HT(x)
Proof. By [1, Lemma 4.3.20] (cf. also [1, Definition 4.3.17]), the diagram
IgKp,Cp ×Spa(Cp,OCp) M̂LT,∞,Cp
//
unif

M̂LT,∞,Cp
piHT,loc

X∞Kp,Cp
piHT
// P1
is Cartesian on perfectoid spaces. Thus, because πHT,loc(x∞) = x, we find that
unifx∞ induces an isomorphism between the functors of points of IgKp,Cp and
π−1HT(x) on perfectoid spaces. Because both are perfectoid spaces, and a perfec-
toid space is determined by its functor of points on perfectoid spaces, we conclude
unifx∞ is an isomorphism.
Equivariance for T×x and GL2(A
(p)
f ) is direct from the definitions of the map unif
and the actions. 
Remark 5.3.3. T×x is either Q
×
p or F
× for [F : Qp] = 2. The latter occurs exactly
when x ∈ P1(F )− P1(Qp), and is equivalent to the p-divisible group Gx admitting
quasi-isogenies by K. In this case we say Gx has CM (or, in some references, fake
CM) by F .
5.4. The double coset as Igusa variety. Recall that, for Kp a compact open
of D×(A
p)
f ), which we may identify with a compact open of GL2(A
(p)
f ), we denote
SKp := D
×(Q)\D×(Af )/K
p.
The profinite set SKp has a natural structure as an affinoid perfectoid space
over Cp, which we will refer to as S
ad
Kp,Cp
. The ring of functions on SadKp,Cp is A
Kp
Cp
.
Its functor of points sends an affinoid perfectoid (R,R+) to the set of continuous
maps from Spa(R,R+) to SKp . Our goal now is to construct D
×(Af )-equivariant
isomorphisms of towers
(SadKp,Cp)Kp
∼
−→ (IgKp,Cp)Kp .
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In fact, both sides are the base change to Cp of the adic generic fibers of formal
schemes over W (Fp), thus it will suffice to show that these formal schemes are
isomorphic.
The formal version of SKp , SKp,W (Fp) is the functor on NilpW (Fp)
R 7→ Cont(SpecR,SKp).
It is represented by SpfCont(SKp ,W (Fp)).
The formal version of the Igusa variety, IgKp,W (Fp) is the functor sending R to
triples (E, ρE , α
(p)) where E/(R+/p) is an elliptic curve up to quasi-isogeny,
ρE : E[p
∞]→ G0[p
∞]
is a quasi-isogeny, and α(p) is a level Kp structure.
We denote by QIsog(G0) the functor on NilpW (Fp)
R 7→ End◦(G0,R/p)
×
and by QIsog(E0) the functor
R 7→ End◦(E0,R/p)
×
Give a topological space T , we denote by T the constant sheaf with value T ,
that is, the functor on NilpW (Fp)
T (R) = Cont(SpecR, T )
Using that End◦(E0)
× = D×(Q) and End◦(G0)× = D×(Qp), we find that there
are natural injections
(5.4.1) D×(Q) →֒ QIsog(E0), D
×(Qp) →֒ QIsog(G0).
Lemma 5.4.1. The natural injections (5.4.1) are isomorphisms.
Proof. For E0, we may assume R is of finite type over W (Fp), and then that R is
reduced using that quasi-isogenies lift along nilpotent ideals containing p. Then,
the result follows from the computation over algebraically closed fields.
For G0, we cannot argue in the same way as there is no a priori reason for
endomorphisms of G0,R to be be defined over a finite type subring (consider, e.g.,
if instead of G0 we used Qp/Zp × µp∞ over OCp/p). Nonetheless, the statement
that QIsog(G0) = D
×(Qp) is established in a more general context in the proof of
[1, Proposition 4.2.11]; the key point is that on Fp-algebras, by [1, Lemma 4.1.7,
Corollary 4.1.10],
R 7→ End(G0,R)
is the Tate module of an e´tale p-divisible group over Fp, and thus equal to the
constant sheaf on the Fp-points of that Tate module. 
There is a natural map
D×(Af )→ IgKp
sending a continuous function
f : Spec(R)→ D×(Af )
to the triple
(E0,R, (πp ◦ f), α
(p)
0 ◦ (π
(p) ◦ f))
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where πp and π
(p) are the projections from D×(Af ) to D×(Qp) and D×(A
(p)
f ),
respectively.
By our computation of the quasi-isogenies of E0,R, this factors through an in-
jection
D×(Q)(R)\D×(Af )(R)/K
p(R) →֒ IgKp,W (Fp)(R).
Because the projection
D×(Af )→ SKp = D
×(Q)\D×(Af )/K
p
admits a continuous section SKp → D
×(Af ), we find that
D×(Q)(R)\D×(Af )(R)/K
p(R) = SKp(R),
and thus we obtain maps
ιKp : SKp,W (Fp) → IgKp,W (Fp).
Theorem 5.4.2. The maps ιKp give a D
×(Af )-equivariant isomorphism of towers
of formal schemes over Spf(W (Fp))
(SKp,W (Fp))Kp → (IgKp,W (Fp))Kp
In particular, passing to adic generic fibers and base-changing to Cp, we obtain a
D×(Af )-equivariant isomorphism of towers of perfectoid spaces
(SadKp,Cp)Kp → (IgKp,Cp)Kp .
Proof. In the construction we have seen that the maps ιKp are injective at the
level of points, and D×(Af )-equivariance is immediate from the definitions of the
actions. Thus, it remains only to see that ιKp is surjective at the level of points.
It suffices to show that for any (E, ρE , α
(p)) ∈ IgKp(R), E is isogenous to E0,R/p.
To show such an isogeny exists, first note that the pair (E,α(p)) defines a classifying
map to the modular curve YKp,Fp . This map factors through the super-singular
locus YKp,Fp,ss (otherwise there would be a geometric point of Spec(R) over which
E[p∞] ∼= µp∞ × Qp/Zp, which cannot occur as G0 is connected), which is a finite
union of copies of SpecFp. Since any two super-singular curves over Fp are isogenous
by a theorem of Tate, we conclude that the universal elliptic curve over YKp,Fp,ss is
quasi-isogenous to E0×YKp,Fp,ss. Because E is the pullback of the universal elliptic
curve along this classifying map, we find that E is isogenous to E0,R/p, completing
the proof. 
6. Evaluating modular forms
As in the previous section, we make the standing assumption that KpGL2(Zp)
is sufficiently small; we will explain how to remove this assumption in 6.3.
We fix x ∈ P1(Cp)\P1(Qp) and x∞ ∈ MLT,∞(Cp) with πHT(x∞) = x as in
5.3, and we suppose that GL2(Zp)K
p is sufficiently small. Recall that the choice
of x is equivalent to the choice of a p-divisible group Gx up to quasi-isogeny over
OCp with the choice of a trivialization of VpGx, and the choice of x∞ refines this
data by a choice of quasi-isogeny Gx,OCp/p → G0,OCp/p. We let T
×
x be the group
of quasi-isogenies of Gx, which is naturally identified with the stabilizer of x in
GL2(Qp) by the action on of quasi-isogenies on VpG in the fixed trivialization.
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Composing the isomorphisms of Theorem 5.4.2 and Theorem 5.3.2, we obtain a
T×x ×GL2(A
(p)
f )-equivariant isomorphism
SadKp,Cp
∼
−→ π−1HT(x).
BecauseO(−1) is a GL2(Qp)×GL2(A
(p)
f )-equivariant bundle, the fiber O(−1)|x is
a 1-dimensional Cp-vector space equipped with an action of the stabilizer of x, T×x ;
it is also canonically7 isomorphic to LieGx, with the trivial action of GL2(A
(p)
f ) and
the action of T×x induced by quasi-isogenies. We denote by Vx this one-dimensional
vector space with its action of T×x ×GL2(A
(p)
f ).
Pulling back to the tower (π−1HT(x))Kp , we obtain isomorphisms of T
×
x ×GL2(A
(p)
f )-
equivariant vector bundles
Vx ⊗O
∼
−→ ω−1|pi−1HT(x)
,
or, equivalently,
O
∼
−→ Vx ⊗ ω|pi−1HT(x)
.
Taking the kth tensor power, and using ω2 = Ω(log cusps)⊗ detur, we obtain
O
∼
−→ V ⊗kx ⊗ detur ⊗ ω
k−2 ⊗ Ω(log cusps)|pi−1HT(x)
.
The function
Nrdp : D
×(Af )→ Q
×
p(6.0.1)
(gv)v 7→ Nrd gp ·
∏
v
|Nrd gv|v
descends to SKp , and gives a D
×(Af )-equivariant trivialization
O ∼= Nrd ◦πp ⊗ detur ⊗O
on SadKp,Cp , or equivalently an isomorphism
detur ⊗O
∼
−→ Nrd−1 ◦πp ⊗O.
Using this, we can move all of the action to p to obtain an isomorphism of
T×x ×GL2(A
(p)
f )-equivariant bundles
(6.0.2) O
∼
−→
(
V ⊗kx ⊗Nrd
−1 ◦πp
)
⊗ ωk−2 ⊗ Ω(log cusps)|pi−1HT(x)
Remark 6.0.1. In particular, because the action of T×x × GL2(A
(p)
f ) on V
⊗k
x ⊗
Nrd−1 ◦πp factors through projection to T
×
x , after the choice of a basis of Vx,
(6.0.2) gives a GL2(A
(p)
f )-equivariant trivialization
O
∼
−→ ωk−2 ⊗ Ω(log cusps).
If we fix a basis for Vx (and thus for V
⊗k
x for all k), then, we obtain an evaluation
map
evalx∞ :M
Kp
k,Cp → A
Kp
Cp
7because we have fixed a compatible system of p-power roots of unity
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by composition of the restriction map
(6.0.3) Mk,Kp,Cp = lim−→
Kp
H0(XKpKp,Cp , ω
k−2 ⊗ Ω(log cusps)) →֒
H0(X∞Kp,Cp , ω
k−2 ⊗ Ω(log cusps))
restriction
−−−−−−→ H0(π−1HT(x), ω
k−2 ⊗ Ω(log cusps))
with the the inverse of (6.0.2) on global sections.
The map evalx∞ then makes sense for anyK
p (not necessarily such that GL2(Zp)Kp
is sufficiently small) by passing to invariants.
We arrive at the main result:
Theorem 6.0.2. For any k, the map evalx∞ is a GL2(A
(p)
f ) = D
×(A
(p)
f )-equivariant
injection, and identifies the central action of A×f on A
Kp
Cp
with the central action of
A×f on M
Kp
k,Cp
twisted by τk−2p , where τp is projection onto the component at p.
Moreover, for any Kp, ∑
k
evalx∞
(
Mk,Kp,Cp
)
is dense in AK
p
Cp
.
Remark 6.0.3. The computation of the central character is not necessary for the
proof of Theorem A, but is a useful sanity-check for the application to the local p-
adic Jacquet-Langlands correspondence in Section 7 (cf. Remark 7.2.4). Moreover,
although we have omitted it from the statement of Theorem 6.0.2 for aesthetic
purposes, we will also make crucial use of equivariance for T×x for x such that T
×
x
is larger than the central torus Q×p in Section 7.
Remark 6.0.4. As we have made several choices in our construction, it is natural
to ask to what extent the evaluation maps depend on these choices. The choice of a
different basis for Vx (i.e. a different basis of LieGx) changes the maps by a scalar.
Given a choice of x, the effect of choosing x∞ is easily understood – the possible
choices form a torsor under D×(Qp), and the corresponding evaluation maps differ
by composition with the action of D×(Qp) on A
Kp
Cp
.
On the other hand, different choices of x lead to genuinely different maps. All
possible choices can be packaged together in a meaningful way, by interpreting
the uniformization map as giving a GL2(A
(p)
f )-equivariant map from Mk,Cp to the
space of D×(Qp)-equivariant maps from the dual of H
0(MLT,∞, ω
k) to AK
p
Cp
. From
this perspective the different functions evalx∞ are obtained by evaluation on Dirac
distributions attached to the points x∞ and the basis of Vx. This is the perspective
we adopt in future work studying the implications for the local p-adic Jacquet-
Langlands correspondence; for the applications to Hecke algebras in the present
work, however, we find it simpler and clearer to work directly with the evaluation
maps.
Once we have established Theorem 6.0.2, Theorem B is immediate, and Theo-
rem A will follow from the generalities on completed Hecke algebras developed in
Section 4:
Proof of Theorem A, assuming Theorem 6.0.2. To begin, we observe that by Lemma
4.2.1, the completed Hecke algebra of T′ acting on AKp,Qp is equal to the completed
Hecke algebra of T′ acting on AKp,Cp .
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We fix data as above to obtain an evaluation map evalx∞ . Theorem 6.0.2 ensures
that the family (M
KpK
p
k,Cp
)k,Kp mapping to AKp,Cp by evalx∞ satisfies the hypotheses
of Lemma 4.2.2, so that the completed Hecke algebra of T′ acting on AKp,Cp is equal
to the completed Hecke algebra of T′ acting on (Mk,KpKp,Cp)k,Kp . By Lemma 4.2.1,
this is equal to the completed Hecke algebra of T′ acting on (Mk,KpKp,Qp)k,Kp , which
in Section 4 we denoted bt T̂′m. By Theorem 4.3.1-(3), this is the completed Hecke
algebra of T′ acting on p-adic modular forms. 
We now proceed to the proof of Theorem 6.0.2. In our construction of evalx∞
we have already essentially established the claimed equivariance in Theorem 6.0.2:
using (6.0.2), it suffices to observe that the central Q×p , which always lives inside
of T×x , acts by the identity character z on Vx and by z
−2 on Nrd−1. Injectivity of
evalx∞ will be established in the following Lemma 6.0.5, and the density statement
will be established in the next subsection, 6.1 below.
Lemma 6.0.5. The map evalx∞ in injective.
Proof. We will show that if a modular form in M
KpK
p
k,Cp
vanishes on π−1HT(x), then it
vanishes on an infinite set of Cp-points in each connected component of XKpKp,Cp ,
which implies the modular form is zero as X is an algebraic curve over Cp and
elements of M
KpK
p
k are global algebraic sections of a line bundle
8.
Recalling that T×x is the stabilizer of x in GL2(Qp), we claim that the projection
down to finite level
SKp
∼
−→ π−1HT(x)(Cp) →֒ X∞Kp(Cp)→ XKpKp(Cp)
factors through an injection from
SKp/T
×
x ∩Kp = D
×(Q)\D×(Af )/(T
×
x ∩Kp)K
p.
Indeed, two points in π−1HT(x)(Cp) lie in the same Kp-orbit if and only if they lie in
the same T×x ∩Kp orbit. In particular, we find that the image contains an infinite
set of Cp-points in each connected component of XKpKp,Cp . If f ∈M
KpK
p
k,Cp
is such
that evalx∞(f) = 0, then f must have a zero at every point of this set, and therefore
f is zero. 
Remark 6.0.6. At this point we have established enough of Theorem 6.0.2 to
obtain Theorem B; the density statement is only needed for Theorem A.
6.1. Density of the evaluation maps. We now fix the basis element v ∈ O(−1)|x
used to define the evaluation map evalx∞ so that v
2 pairs to 1 with the restriction
to x of the global section XY of O(2).
With this data fixed, we will prove the following approximation lemma, com-
pleting the proof of Theorem 6.0.2. The proof is by a variant of the technique of
fake Hasse invariants as introduced by Scholze [20].
Lemma 6.1.1. If
f ∈ Cont(D×(Q)\D×(Af )/K
p,OCp),
8Invoking algebraicity here is overkill, as with a bit more work one can show that a non-zero
rigid analytic section over any connected open at finite level whose pre-image has non-empty
intersection with pi−1HT(x) cannot vanish everywhere on the intersection.
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and n > 0, there exists a compact open Kp ⊂ GL2(Qp), a k > 0, and an
ωf ∈M
KpK
p
k
such that
• evalx∞(ωf ) ∈ Cont(D
×(Q)\D×(Af )/K
p,OCp), and
• evalx∞(ωf ) ≡ f mod p
n.
Proof. We write x = [1 : τ ] for τ ∈ Cp − Qp. To simplify some notation below, we
will assume that |τ | = 1, the general case being similar. We note that this special
case is already sufficient for the application to Theorem A, for which it suffices to
know Theorem 6.0.2 for a single choice of x.
We are looking for ωf that, when restricted to the fiber π
−1
HT(x), paired with v
k,
and divided by Nrdp, gives an integral function reducing to f mod p
n. Since we
may always replace f by f ·Nrdp, we simplify the problem by looking for ωf that,
when restricted and paired with vk, gives an integral function reducing to f .
The proof will consist of two steps: we will first observe that f , considered as
a function on π−1HT(x), can be extended to an integral function on the pre-image
of a small neighborhood of x. The second step will show that this function is the
reduction of a modular form at some finite level using the technique of fake Hasse
invariants as in [20, Proof of Theorem IV.3.1].
Let X and Y be the standard basis of global sections of O(1). Inside the affinoid∣∣∣∣YX
∣∣∣∣ = 1 ⊂ P1,
we consider for m ∈ N the affinoid ball Bm containing x defined by |
Y
X − τ | ≤ |p
m|.
Now, π−1HT(B1) is affinoid perfectoid by Proposition 2.3.4. Because π
−1
HT(x) is a
Zariski closed subset defined on this affinoid by the equation
Y
X
= τ,
we may apply [20, Lemma II.2.2] to deduce that
H0(π−1HT(B1),O)
is dense in
H0(π−1HT(x),O).
Thus we find
f˜ ∈ H0(π−1HT(B1),O)
such that
f˜ |pi−1HT(x)
∈ H0(π−1HT(x),O
+) and f˜ |pi−1HT(x)
mod pn = f.
Our next step is to see that the restriction of f˜ to π−1HT(Bm) is a section of O
+ for
m sufficiently large.
Let W be the rational open defined by |f˜ | ≤ 1 inside π−1HT(B1). Because f is
integral, we have π−1HT(x) ⊂W . Then, because
∩mπ
−1
HT(Bm) = π
−1
HT(x) ⊂W
and π−1HT(B1)\W is quasi-compact (it is closed inside π
−1
HT(B1), which is quasi-
compact because it is an affinoid), we find that for m sufficiently large,
π−1HT(Bm) ⊂ π
−1
HT(Bm) ⊂W
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and thus
f˜ ∈ H0(π−1HT(Bm),O
+).
We fix such an m, and consider the cover of P1 by Bm and the rational opens
U1 :=
{∣∣∣∣YX
∣∣∣∣ ≤ 1 and ∣∣∣∣YX − τ
∣∣∣∣ ≥ |pm|} , U2 := {∣∣∣∣XY
∣∣∣∣ ≤ 1 and ∣∣∣∣1− XY τ
∣∣∣∣ ≥ |pm|} .
Remark 6.1.2. The cover described in [20, IV] in the special case g = 1 is by
|X/Y | ≤ 1 and |Y/X | ≤ 1; this is sufficient for the application to torsion classes in
cohomology because the pre-images under πHT of all elements of the corresponding
Cech cover are affinoid perfectoid, and thus torsion cohomology groups can be
almost computed as Cech classes.
In our case, because we are interested in extending functions near a single fiber,
we are forced to add in a ball around the point in question. We must then modify the
other sets accordingly in order to still obtain a suitable formal model. In particular,
we cannot use a cover by only Bm and a single complementary set because we must
ensure that the pre-images in X∞Kp,Cp are affinoid perfectoid so that sections can
be approximated at finite level.
If we consider the sections of O(2)
s1 = p
−mX · (Y − τX), s2 = p
−mY · (Y − τX) and s3 = XY,
then Bm is defined by the equations
|s1/s3| ≤ 1 and |s2/s3| ≤ 1.
i.e.
|(Y − τX)/Y | ≤ |pm| and |(Y − τX)/X | ≤ |pm|.
Furthermore, within Bm, U1 ∩ Bm = U2 ∩ Bm is defined by either |s1/s3| = 1 or
|s2/s3| = 1.
U1 is defined by the equations
|s2/s1| ≤ 1 and |s3/s1| ≤ 1.
Indeed, the first equation simplifies to
|Y/X | ≤ 1
and the second equation simplifies to∣∣∣∣∣pm YXY
X − τ
∣∣∣∣∣ ≤ 1
In the presence of the first equation, this is equivalent to∣∣∣∣YX − τ
∣∣∣∣ ≥ |pm|.
Furthermore, since m ≥ 1, we see that within U1, Bm is defined by the equation
|s3/s1| = 1. Within U1, U2 is defined by |s2/s1| = 1.
Similarly, U2 is defined by the equations
|s1/s2| ≤ 1 and |s3/s1| ≤ 1,
and within U2, Bm is defined by |s3/s2| = 1 and U1 by |s1/s2| = 1.
Pulling back via πHT, we may view the si as elements of H
0(X∞Kp , ω
2). Let
V1 := π
−1
HT(U1), V2 := π
−1
HT(U2), and V3 := π
−1
HT(Bm). By Proposition 2.3.4, these
are all affinoid perfectoid and we can find Kp such that:
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(1) V1, V2, and V3 are each the preimages of affinoids opens V
′
i in XKpKp,Cp .
(2) There exist sections
s
(j)
i ∈ H
0(V ′i , ω
2)
for i, j ∈ {1, 2, 3} and
f˜ ′ ∈ H0(V ′3 ,O
+)
such that
(a) after pullback to infinite level, for each i, j,
s
(j)
i /si ∈ 1 + p
nH0(Vj ,O
+),
(b) and, after pullback to infinite level,
f˜ ′/f˜ ∈ 1 + pnH0(V3,O
+).
We may and do replace f˜ with the pullback of f˜ ′ to infinite level, which still
approximates f mod pn when restricted to π−1HT(x).
As in [20, proof of Theorem IV.3.1], the properties of the sections s
(j)
i above are
enough to apply [20, Lemma II.1.1] to deduce the existence of a projective formal
model X for XKpKp,Cp equipped with an ample line bundle L which is an integral
model for ω2, with affine opens V′i which are formal models for V
′
i , and such that
s
(j)
i comes from a section of L on V
′
j and f˜
′ comes from a function on V′3. For each
i, the sections
s
(j)
i mod p
n
glue to a global section si of L/p
n on X.
Now, because s3 is nilpotent on V
′
1 − V
′
3 and V
′
2 − V
′
3, we find that for k
sufficiently large,
sk3 f˜ ∈ H
0(X,Lk/pn).
Furthermore, because L is ample, by possibly taking k larger, we may lift sk3 f˜ to
ωf ∈ H
0(X,Lk).
We claim that ωf , viewed as an element of
H0(X,Lk)[1/p] = H0(XKpKp,Cp , ω
2k),
evaluates at x to a function congruent to f mod pn. Indeed,
ωf |V ′3 = f˜ ·
(
s
(3)
3
)k
g
where g ∈ H0(V ′3 ,O
+), g ≡ 1 mod pn. Since s
(3)
3 = s3g
′ for g′ ∈ H0(V3,O
+),
g′ ≡ 1 mod pn, we find
ωf |V3 = f˜s
k
3h
for h ∈ H0(V3,O
+), h ≡ 1 mod pn. Recalling that s3 = XY , we find
ωf |pi−1
HT
(x) = (ωf |V3)|pi−1HT(x)
=
(
f˜h(XY )k
)
|pi−1HT(x)
mod pn.
Because our choice of v is such that v2 pairs to 1 with XY , we find that after
pairing with v2k we obtain f˜h, which is congruent to f˜ and thus to f mod pn. 
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6.2. Comparison with Serre’s evaluation maps. We now compare with the
evaluation maps used by Serre in his construction of the mod p Jacquet-Langlands
correspondence.
We recall that XGL2(Zp)Kp,Q˘p and the sheaf ω have natural smooth formal models
XKp and w determined by the moduli problem over Z˘p.
Let K1 denote the kernel of reduction modulo the uniformizer in O
×
D(Qp)
. In [22],
Serre constructs an evaluation map9
evalSerre : H
0(XKp,Fp ,w
k
Fp
)→ Cont(D×(Q)\D×(Af )/K1K
p,Fp)
The construction depends on the choice of a Fp2 -rational differential on the super-
singular curve E0 and the choice of a basis of the prime-to-p adelic Tate module,
which we choose to agree with our fixed choice.
Let Qp2 be the degree two unramified extension of Qp and let Zp2 ⊂ Qp2 be the
ring of integers. Let x = [1 : τ ] ∈ P1(Qp) with τ ∈ Z
×
p2 ; the set of all such x form
an orbit under GL2(Zp) whose points correspond to the base change to OCp of the
Lubin-Tate formal group G/Zp2 equipped with a basis of its (integral) Tate module.
We pick a point x∞ above x by choosing an isomorphism GFp
∼
−→ G0, and we pick
our basis v for LieGOCp to be rational over Zp2 and to induce an element of LieE0
whose reduction mod p is dual to the differential used by Serre. Using this data,
we define a map eval′x∞ as before, except without dividing by Nrdp (to match with
Serre, who does not make this normalization to match the standard Hecke action).
Theorem 6.2.1. The map restriction of eval′x∞ to H
0(XKp ,w
k) factors as
eval′x∞ : H
0(XKp ,w
k)→ AK
p
Z˘p
.
Moreover, the following diagram commutes:
H0(XKp ,w
k)
reduction mod p
//
eval′x∞

H0(XKp,Fp ,w
k
Fp
)
evalSerre

Cont(D×(Q)\D×(Af )/K1Kp,Fp) _

AK
p
Z˘p
reduction mod p
// AK
p
Fp
.
In particular, eval′x∞ mod p does not depend on the choice of x or x∞.
Proof. To see the asserted rationality, we give the following reinterpretation of the
evaluation map with full level at p: Our construction and Serre-Tate theory produce
an elliptic curve over the formal scheme SKp,Z˘p introduced in 5.4, which is classified
by a map to XKp . The pullback of ω is equipped with a natural trivialization, and
thus we can evaluate modular forms – this gives an evaluation map at the level of
integral modular forms, and one checks that after base change to OCp this agrees
with the map eval′x∞ . Moreover, comparing with [22], we find that the map is a lift
of the mod p map evalSerre, and we conclude. 
9There are some minor differences between our conventions and those of [22]: for example,
Serre writes the double coset with adelic quotient on the left and the rational quotient on the
right.
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6.3. Removing the sufficiently small hypothesis. To construct the maps evalx∞ ,
eval′x∞ , and evalSerre for an arbitraryK
p, we first takeK ′ normal inKp of prime-to-
p index and such that GL2(Zp)K ′ is sufficiently small and construct the evaluation
maps for K ′. Then, observing that these are equivariant for the action of Kp/K ′,
we may pass to Kp/K ′ invariants to obtain the evaluation maps for level Kp. Using
the projection onto invariants given by averaging over the elements of Kp/K ′, we
conclude that Theorems 6.0.2 and 6.2.1 still hold in this setting.
7. Local-global compatibility and locally algebraic vectors
Both Knight [17] and Scholze [19] have constructed local p-adic Jacquet-Langlands
correspondences which, conjecturally, agree. In this section, we conjecture a local-
global compatibility between the global space AK
p
Qp
and the local correspondence
of Scholze. Under this conjecture, we derive some consequences of our global con-
struction for the locally algebraic vectors in the local correspondence.
7.1. Local-global compatibility. Let E ⊂ Qp be a finite extension of Qp and let
ρ : GQ → GL2(E)
be an odd continuous absolutely irreducible representation which is unramified
outside of a finite set of places. For l prime, we write ρl for the restriction of ρ to
GQl . We write ρ for the reduction of ρ modulo the maximal ideal of OE .
We write Π(ρp) for the representation of GL2(Qp) attached to ρp by the p-
adic local Langlands correspondence [5]. We write J(ρp) for the representation of
D×(Qp) constructed using the results of [19] as follows:
The construction of [19] attaches to an admissible torsion representation of
GL2(Qp) a torsion D×(Qp)×GQp representation which is admissible as a D
×(Qp)-
representation. To obtain a representation of D×(Qp) from Π(ρp), we first fix a
lattice Π◦ in Π(ρp) preserved by the action of GL2(Qp). We then take the inverse
limit of the D×(Qp)×GQp representations attached to Π
◦/pn and invert p to obtain
a representation W of D×(Qp)×GQp . Then,
J(ρp) := HomGQp (ρp,W ).
Remark 7.1.1. When dimE End(ρp) 6= 1, the definition above of J(ρp) should be
modified to remove the multiplicity. We leave this issue to the side, but note that
in this case Conjecture 7.1.2 below is likely false as stated.
For l 6= p we write πl for the smooth representation of GL2(Ql) = D
×(Ql)
corresponding to ρl by the Tate normalized generic local Langlands correspondence
as in [8, 9]. Our local-global compatibility conjecture is then:
Conjecture 7.1.2. Notation and assumptions as above, there is an isomorphism
of D×(Qp) representations
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp
E
 ∼= J(ρp).
Remark 7.1.3. An even stronger statement should hold, describing the localiza-
tion of AK
p
Qp
at ρ in terms of the universal deformation of ρ along the lines of [9,
6.1.6].
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7.2. Locally algebraic vectors. If ρp is de Rham with distinct Hodge-Tate weights
w1 < w2, we write πp for the local representation of GL2(Qp) attached by the local
Langlands correspondence as above to the Weil-Deligne representation underlying
Dpst(ρp). We define a locally algebraic D
×(Qp) representation which depends only
on Dpst(ρp)
Jalg(Dpst(ρp)) :=

jl−1(πp)⊗ Sym
w2−w1−1Qp
2
⊗Nrdw1+1 if ρp is de Rham with distinct
Hodge-Tate weights w1 < w2 and
πp is discrete series.
0 otherwise.
It is expected that Jalg(Dpst(ρp)) ∼= J(ρp)
alg. On the other hand, computing A
vp,alg
Qp
using the classical Jacquet-Langlands correspondence, we find:
Theorem 7.2.1. If
(7.2.1)
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp
E
alg 6= 0
then for some n ∈ Z, ρ ⊗ Qp(n) is attached to a classical modular form of weight
k ≥ 2. In this case,
(7.2.2)
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp
E
alg ∼= Jalg(Dpst(ρp)).
Proof. On the left-hand sides of (7.2.1) and (7.2.2), we can move the locally alge-
braic vectors inside of the Hom to obtain
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp,alg
E
 .
Because
⊗
l 6=p πl is defined over E, we may base change to Qp. We conclude by the
second part of Theorem 3.2.1 that this is either zero, or for some s, t and smooth
representation π′p of D
×(Qp),
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp,alg
Qp
 = SymsQp2 ⊗Nrdt⊗π′p.
Twisting by Nrd−tp (cf. (6.0.1)) and applying the first part of Theorem 3.2.1, we
see that this is equivalent to
(7.2.3) (jl(π′p)⊗ |det|
−t
p )⊗
⊗
l 6=p
(πl ⊗ |det|
−t
l )
appearing in Ms+2,cusp,Qp ; letting ρ
′ be the associated Galois representation we
find by comparing traces of Frobenii at unramified primes that ρ = ρ′ ⊗Qp(t). In
particular, we have shown the first claim of the theorem.
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Moreover, because we have chosen the homological normalization for the action
on modular curves but the Tate normalization for the local Langlands correspon-
dence, we find that ρ′ has Hodge-Tate weights −1 and s10. Thus, ρ has Hodge-Tate
weights t − 1, s+ t. Moreover, by results of Saito [18], the Weil-Deligne represen-
tation underlying Dpst(ρ
′) corresponds under local Langlands to jl(π′p) ⊗ |det|
−t
p .
Recall that we have denoted by πp the representation associated to the underly-
ing Weil-Deligne representations of Dpst(ρ) by local Langlands. By twisting, we
conclude that
πp = jl(π
′
p).
Thus, by definition of Jalg,
Jalg(Dpst(ρp)) = π
′
p ⊗ Sym
sQp
2
⊗Nrdt .
This concludes the proof of the second claim. 
Theorem 7.2.2. If ρ is the representation attached to a classical modular form,
then the locally algebraic vectors are not dense in
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp
E
 .
Remark 7.2.3. Using the generalization of Theorem B in [12] described in Re-
mark 1.0.4, we find that this holds for ρ the representation attached to an overcon-
vergent modular form (not necessarily of finite slope!).
Proof. If we choose any x∞ as in Section 6, the map evalx∞ (which is an injection
by Lemma 6.0.5) gives a non-zero element of
Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp
Cp
 .
By composing with the map A
vp
Cp
→ A
vp
E induced by the composition of functions
with a continuous linear map Cp → E, we obtain an element
h ∈ Hom
D×(A
(p)
f
)
⊗
l 6=p
πl, A
vp
E
 ,
We may assure that h is non-zero by choosing the map Cp → E to be non-zero on
one value of any function in the image; such a map exists by the non-archimedean
Hahn-Banach theorem [13, Theorem 3].
In particular, this space is non-empty; thus, by Theorem 7.2.1, if Jalg(Dpst(ρp)) = 0,
we are finished. Otherwise, we have Jalg(Dpst(ρp)) = jl
−1(πp) ⊗ Sym
k−2Qp
2
. We
may assume E contains a quadratic extension F/Qp, and choose x, x∞ in our for-
mation of the evaluation map so that F× is identified with the stabilizer T×x of x
in GL2(Qp) (i.e. so that the p-divisible group Gx has CM by F ). Then F× acts
by the identity character on LieGx, and using the equivariance of evalx∞ for the
action of T×x , we find that, for n sufficiently large, z ∈ 1+ p
nOF acts on h through
the character
z 7→ zk−1z−1
10whereas if we had matched the homological normalization with the contragredient to the
Tate normalization as in [2] we would have obtained Hodge-Tate weights 0 and s+ 1
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where z is the Galois-conjugate. On the other hand, for n sufficiently large,
sm⊗ Symk−2Qp
2
|1+pnOF
splits as a direct sum of characters of the form
z 7→ zazb for 0 ≤ a, 0 ≤ b, and a+ b = k − 2,
and thus h is not contained in the locally algebraic vectors. 
Remark 7.2.4. We note that in the case of Theorem 7.2.2 where the locally
algebraic vectors are non-zero, the non-locally-algebraic vector produced in the
proof of Theorem 7.2.2 transforms by the same central character as the locally
algebraic vectors.
Assuming Conjecture 7.1.2, our results imply the following natural properties of
the local correspondence for ρp that arise from global Galois representations (in the
realm where Fontaine-Mazur is known):
Corollary 7.2.5. Suppose ρ|GQ(ζp) is absolutely irreducible, p > 2, and ρp is neither
a twist of an extension of the cyclotomic character by the trivial character nor a
twist of the trivial character by itself. If Conjecture 7.1.2 holds for ρ, then
J(ρp)
alg = Jalg(Dpst(ρp)).
Moreover, if a twist of ρp is de Rham with distinct Hodge-Tate weights, then J(ρp)
alg
is not dense in J(ρp).
Proof. Under the assumptions on ρ, by [9, 1.2.4-(2)], ρp is de Rham with distinct
Hodge-Tate weights if and only if ρ ⊗ Qp(n) is attached to a modular form for
some n ∈ Z. Combined with Theorems 7.2.1 and 7.2.2, we conclude (note that
we can twist by Nrdnp to move between ρ and ρ⊗Qp(n) and that this matches up
locally-algebraic vectors). 
Remark 7.2.6. In [17, Theorem 1.0.3], a computation of the locally algebraic
vectors analogous to the first part of Corollary 7.2.5 is shown for the correspondence
of Knight under slightly more restrictive assumptions on the global representation ρ.
A computation of the locally algebraic vectors in a similar global setting can likely
be extracted for Scholze’s correspondence as well using local-global compatibility
with Shimura curves as in [20, Theorem 1.3].
Remark 7.2.7. As noted in Remark 1.0.4, Theorem 7.2.2 holds also for over-
convergent modular forms. Combined with [9, Theorem 1.2.4-(1)], we find that
the second part of Corollary 7.2.5 is valid also for ρp trianguline. This covers the
case of finite slope overconvergent modular forms, but Theorem 7.2.2 is valid also
for infinite slope overconvergent modular forms. Is there a simple p-adic Hodge
theoretic criterion identifying representations attached to overconvergent modular
forms? For example, does it suffice to admit zero as a Hodge-Tate weight?
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